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Abstract

These materials were written fcr the use
of a class cf eighth grade high akility students in a four
week course spcnscred ky Educational Services Incorporated
on the Stanford campus. They represent a practical response
to the proposal ky the Carbridge Conference of 1963 that
gecmetry be taught ky vector space methods. Instead cf
using vectcr methcds, these materials represent an attempt
to obtain the gecmetrical prcrerties cf figures frcm proofs
and arguments akout their symmetry properties. These nctes
contain instructicral materials on such mathematical
ccncepts as reflection in the plane, perrendicularity,
central symmetry, translaticn of the plane, and rotation.
In additicn, these notes contain definitions, exercises,
and summaries cf results cktained in class. [Nct available
in hardcopy due tc marginal legibility of original
document. ] (RE)
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Eighth Grade

The follcwins set cf notes was written for the use of a
class of eighth-zrade students in a four week course spounsored
by Educaticnal “ervices Incorporated on the Stanford campus,
The background for this course is as follows:

ED033847

The Cawbridze Comference of 1963 on Goals in %School Math-
ematics proposed that zeometry be tauzht by vector space
metheds, At theMiami, 1964, meetiny of the participants of
3 the Conference, I volunteered to experiment with such a course
during the suamer of 1964, Jith the a:lp of Professor Bit
Suppes, it was arranged that I woul. >Ork w1th a class of eighth-
nrade children to whom he had been +-:achin~ Mathematrical Logic
for the past two years., ~ince the chjildren had not had any
; tcaining in algebra, I doubted the possibility of doin3z anything
k worthwhile with vecctor methods. Incidentally, the children's
: lack of algebraic skills became appaivent durins the last session
: of the courss whea I tried to presert tae standard fallacious
i arzpment cthat 1=0 after division by zevo., Even thouzh the
students had had during the previous summer a four weeks sessicn
on the field proper! 1ns of the real number system, they were
uncertain about the simple algebraic manipulations neceesary for
the arzument,
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Instead of using vector methods, I tried to obtain the
geometrical properties of figures from airguments sbout their
symnetiy prcpe‘hi Mo attempt was made to introduce a for-
wal axiom system, The class was led to learn that diagrams
and intuition may be misleading, so that some sort ol proof was
necessary, The proof was based on certain explicit and implicit
assumptions. The explicit assumptions were roushly the follow-
inz:

1. The plane is a metric space

2, A line is a set of points such that the triangle

inequality is sacisfied for every three points in
the set

3. Given two points A and B and two real numbers

and there are ejther zero, one, or two points P
such that the distance from P to A equals and

the distance from P to B, . Whather the number
is zero, one or two depends on the triangle inequal-
ity.

4. To every line corresponds a distance-preservini map-

pine (reflection) of the plame into itself which
leaves the line fixed.
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The implicit assumptions were the customary ones ahout inci-
dence, order, étc. in the Euclidean plane,

The class met for an hour every day for four weeks, from
June 22 to July 17, 1964. Hcmework was assigned daily, collec-
ted, and returrned with corrections. The class started with
twency-one students. The number remained constant for three
weeks, but during the last week it dropped to eizhteen.

At the beginning of the course, I assumed that the students
would be almost completely i3noraant of neometry. However, af-
ter they tossed around such concepts as "perpendicular bisector’
and ’'coilinearity' during the first few lessons, I decided to
work with them on a more cophisticated lilevel. The nctes re-
flect this change of level because they begin at what I assum- .
ed to be an eighth-grade level and soon jumpqd to a level
suitable for colleie freshmen.

The notes contain definitions, exercises, and summaries
of results obtained in class. All of the exercises throush
pace 32 were done vy the students. A few of the later exer-
cises were discussed in class in the last session. We just
reached the point where a group could be defined.

The students were not tested at any time, but the homework
was carefully checked and their reactions duringz the class
sessions constantly observed. The following indications of
learninz may be noted:

1. The ability to present a proof of a conjecture in-
creased until at the end most of the students could
aive a reasonable argument for the validity of their
statements,

2, One of the students, in response to the question
"Does a parallelogram have an axis of symmetry?’
pointed out tnat a line throuzh theintersection of
the diajonals perpendicular to the plane of the paral-
lelogram was an axis of symmetry., This answer shows

a surprising insight because we had restricted our
discussion to axes in a plane or on the surface of
a sphere.

3. One of the students discovered and "proved’ that the
composition of two symmetcies of a figure is also a
syumetry of the fisure,
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Because of the high I.Q. of the students (the ranje was
from 130-133), the resulcs obtained may not be valid for
averaze ov slizhtly above average eizhth graders. However,
I believe that this expariment shows that the approach to
geonetry through transformations can be irnteresting to youn}
students and that it can lead naturally to a desire for an
axiomatic formulation,

14 September 1964
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Stanford -- Eighth Grade (Geometry through Symetry)

i.

Forewoxd

The foiiowing set of notes was written for the use of a class of
elghth-grade students in a four week course sponsored by Educational
Services Incorporated on the Stanford campus.; The ba%kground for this
course is as follows: |

The Cawbridge Conference of 1963 on Goals in Schpol Mathematics
preposed that geometry be taught by vector space methgds. At the Miami,
1964, meeting of the pé;ticipants of the Conference, I volunteered to
experiment with such a course during the summer of 1964. With the help
of Professor Pat Supp;é, it was arranged that I would work with a class
of eighth-grade children to whom he had been teaching Mathematical Logic
for the past two years. Since the children had not had any tralning in
algebra, 1 doubtes the pcssibility of doing anything worthwhile with.
vector methods. 'Incidentally; the children's lack of algebraic skills
became apparent during the last seesion of the course when I triled to
present the standard fallaclous argument that 1=0 after division by
zero, Even though the students ﬁad had during the previous summer a four
weeks session on the fleld properties of the real number system, they
were uncertain about the simple algebralc manipulations necessary for the
argument,

Instead of using vector methods, I tried to obtain the geometrical

properties of figures from arguments about thelr symmetry properties.

No attempt was made to introduce a formal axiom system. The class was
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led to learn that diagrams and intuition may bte misleading, so that
some sort of probf was necessary. The proof was -based on certain
explicit and implicit assumptions., The explicit assumptions were
roughly the following:
1. The plane 1is a metrxic space
2. A line is a set of points such that the triangle inegquality

is satisfied for every three points in the set

™y
™

3. Glven two points A and B and two real numbers .~ and.L\
there are elthet zero, one, or two polnts P such that the

distance from P to A equals “¥ and the distance from P to

-

B,£? « Whether the number is zero, one or two depends on
the triangle inequality
4. To every line corresponds a distance-~preserving mapping
(reflection) of the plane into itself which leaves the line
fixed. S o N o
The implicit assumptions were the customary ones about incidence, order,
etc, it the Euclidean plane.

The class met for an hour every day‘for'four weeks, from June 22
to July 17, 1964, Homework was assigned daily, collected, and returned
with corrections. The class started with tweaty~one students. The
number remained constant for three weeks, but during the last week it
dropped to elghteen.

At the beginning of the course, I assumed that the2 students would

be almost completely ignorant of geometry. However, after they tossed
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around such concepts as ''perpendicular bisector" and "collincarity"
during the first few lessons, I decided to work with tﬁem on a more
sophisticated level., The notes reflect this change of level because they
begin at what I assumed to be an elghth~grade level and soon jumped to a
level suitable for college freshmen.

The notes contain definitions, exercises, and summaries of results
obtained in class. All of the exercises through page 32 were done by
the students. A few of the later exercises were discussed in class in
the last session. We just reached t@e point where a group could be
defined.

The students were not tested at any time, but the homework was
carefully checked énd their reactions during the class sessions constantly
observed., The following indlcations of learning may be noted:

1. The ability to present a probf of a conjecture Increased
until at the end most of the students could give a reasonable
argument for the validity of their statements.

2. One of the students, in response to the question "Does a
parallelogram have an axi; of symmetry?" pointed out that a
line through the intersection of the diagorals perpendicular
to the plane of the parallelograit wns an exls of symmetzy.
This answer shows a surprising insight because we had
restricted our discussion to axes in a plane or on the surface
of a sphere,

3, One of the students discovered aud “proved" that the
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composition of two symmetries of a figure is also a symmetry
of the figure,
Because of the high I. Q. of the students {(the range was from
130 -- 180), fhe results obtained may not be valid for average or
slightly above average eighth graders. However, I believe that this
experiment shows that the approach to geometry thvough transformations
can be interesting to young students and that it can lead maturally to

a desire for an axiomatic formuilation.
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If a figure can be folded along a line in such a way
that one part of the figure fits exactly onto znother part with
nothing left over and nothing omitted, then the line cf the fold

is an axis of symmetry of the figure. For example, the dotted

lines are axes of symmetry for the following figurecs:
/
| .
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In the!following examplze, the dotted lines are not axes of symmetry

for the complete figures: |

Figl b
' Foy. ¥ ; @
/ 1\ L
; ‘ 4 _ | i

A figure which has an axi13 of symmetry is sald to be symmetric with

respect to that axis.

When a filgure is looked at in a mirror, the original
figure together with its image in the mirror form a combined figure
which has the edge of the mirrer as an axis of symmetry, For

example in Figure 7 the edge AB is an axis of svimetry for the man

¢ ,

and his image.

/




Given a part of a symmetric fipure and the axis of
symmetry, we can imagine a mirror and rcflect ia the axis the

given part of the figuve to get the whole figure. Fcz example,

- in Figure 8 we hegin with the solid part of the figure and by

reflacticn in thz axiv we get the dotted part.
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» We can also imagine reflection on both sides of the axis as in
' Figure 9. . »
' - . ‘.’v
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! i

-
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We shall call tﬁe solid portion the original and the dotted part

P T e L

the image.




~uercisas

In these exercises "draw" means to sketch freehand, "construct"

means to make use of a ruler ard compass.

1. Draw a horizontal axis of symmetry for Fipure 1.

P
—

-/

2. Draw another axis of symmetry for Figure 2.

3. Here are the letters of the English alphabet:
ABCDEFGHIJEKELMNOPQRSTUVUXYZ.
Which of these letters have a vertical axis of zymmetry? Which

have a horizental axis of symmetry? Which have both axes?

4, Draw a triangle which has only one axis of symmetry. Draw &
triangle which hags two axes of symmetry. Does the second triangle have
only two axes of symmetry? Can you find a triangle which has only

two axes of symmetry? Why?

5. How many axes of symmetry doss a rectangle have; does a square

have? How many axes of symmetry does a circle have?

6., Draw & figure which has only five axes of symmetry. Draw omne

which only has six axes of symmetry.

7. Draw the image bf the following original figures in the given axes: .

| .
l |

[ O | ,




{i 2 8. W. .hout copying or completing the following diagrams, state in
ﬁ é each case what letter of the alphabet is obtainad by completing
g the following reflections:
!‘ | S
| oy !
- 1 e -t

i
| -
. (a)!\  (5) (<)

. }
9. Draw all the image: {that is, also im-ges of images) of the

v ca - mdan i = it e At S+ At

e et -l Al

jg? . foliowing in both a hoviznntal and a vertical axis:
- . - ‘
| A |
o | i t
f H
| : I l
> S . \
4 L1> l(bl

Does it matter in which axis you reflect first? Why?

10, Draw all the images of the following in both of the given axes:

~. ‘ox1S

VRN PR Y

PR J 3 SR
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A point is invariant undex reflection 1f the point coincides

with 1ts image. A line is Invarisnt under reflection 1f tha line

coinoides with its image. A figure symmetric with respect to an

axis is also said te be invariant under reflection in that axis.

Two lines are perpendicular if each is invariant under

reflection with respect to the other as an axis. For example,

Figure 10 shows two perpendicular lines. / \

\ |

/f
pa

The angle betwezsn two parperdicular lines is called a right angle \

and 1s usually narcked with the symbel 7.

mxercices I

1. State which pairs of points in the following diazram are symmetric

\
with respect to the auis:

2. Which points of the plane are invariant uncer reflection in an
axis?

3.. In the following diagram, suppose P' is the image of P in the axis:

e - J

&

S
~
.
F ~
-~

Pl &
What is the image of G? ‘What is the imagg~of P? What 1s the image




of tl: line segment PG? How does the length of P'G compare to that

of PG? Suppose H 1is any other.péint'on the axis. How does the length
of PH compare with that of P'H? Vhy?

Suppose the ling segment PP' intersects the axis in the point F,
What is the image of F? How does PF compare with P'F?
4. Fill in the blanks to form true statements.

If P is symmetric to P' with respect to an axis, then the

/
. of the line segment PP' is on the axis. Algp, if J is any

point on the axis, the between and

is to the dilstance between ___ and .

|

5. a. Suppose P and Q are equidistant from a point J on a line.

Are P and Q necessarily symmetric with respect to that line as axis?
Make a diagram to 1llustrate your answer.

b. Suppose the midpoint of the line segment joining A and B is on
a given line. Are A and B necessarily symmetric ﬁith respect to

that line as axis? Make a diagram to 1llustrate your answer.
.l . .

6. Suppose J and K are two given points. What is the set of points P
such that the distance from J to P is equal to =X ? What 1s the set
of points Q éuch that the distance froﬁ K to Q is equal to é? ?

When do these gets have a non~empty intersection? How many points

can be in the intersection? Muke diagrams illustrating your answer.

7. Suppose J and K are two given points. What is the set of points
P such that JP= <X and KP= {? ? How many such points can there be on

one s8lde of the line segment JK?

i
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7.

é'. Suppose J, K, P, Q are four distinct points such that JP=JQ and
K?nKQ. Draw the line through 3 and K and use this as an axls to find

the image P' of P. What does JP' equal? What does KP' egqual? Using the
results of Problem 7, what do you conclude about the relationship between
P'.and Q?

Fi1ll in the following blanks to form a true statement:

| If P and Q are two points whicﬁ are from a point
__ and which are aleo from a point + then
P and are with respect to the axis through
] and __ o

{o—_—

9, Given a point P, a line g, and a given number <X . What is the

set of all points H which are on the linz g and which are such that

PH= <A ? Make a diagram to illustrate your answer. (Hint: There

should bz three cases.)

10. Suppose P is symmetric to P' with respect to an axis g. Let H be
any point on g. What is the relationship between PH and P'H? Suppose
you conslder tﬁe 1ine through P and P' as axis and let H' be the image
of H ig this axis. What do ycu know about PH' and P'H? Can you be sure
that H' 1s oh g? Cean you give a good reason for your answer? If not,
let's go further. Can you find a point G on f such that PG=PH? (Of
course, we mean a point G distinct from H). How does P'G compare to PG.
Why? How does B'G compare to P'H' and how does PG compare to PH'? Using
the results of Problem 9, what do you conclude about G and H'?

F111 in the following blanks to form a true statement:

If P and P' are with respect to an g, then

g is under reflection with respect to the through

a.d as axis. The line g and the __ through P and




Summary

A reflection is a distance~-preserving mapping of the plane into
{tself which leaves fixed all points on one straight line. This line
is called the axis.

All points on the exis are invariant under reflection. The
distance between any two points is equal to the distance between
their iwages. A point and its image are equidistant from any point
on the axis. All points equidistant from two given points F and Q
11ie on the axls of symmetry of P and Q. The line joining a point
and 1its image is invariant under reflection.

Two lines are perpendicular if each 1s invariant under
reflection with respect to the other as axis. The iine joining
a point and its image is perpendicular to the axis. All lines
perpendicular to the axls are invariant. if a line ls the perpen-
diculzr bisector of the line segment joining P and Q, then the line is

an axls of symmetry for the points P and Q.

Exercise IIX

In each of the following problems, show all construction lines and

justify your construction by using the facts in the summary.

J. Const:act the image of a point in a given axis.
2, Construct the axis of symmetry for two given points.
3. Construct the perpendicular bisector of the line segment joining

two given points.
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4. Froom a point outside a gilven line construét the perpendicular
the given line.

5. At a given point on é line conmstruct a perpendicular tc the line.
6. Given é point P and its image P' in a given axis, construct the
image of & given point Q using only a stralght edge.

7. Given a point P and an axis of raflection construct the image P'
using only a band (the two parallel edges ofia ruler).

\

]

When you look at an object, you see the object by the light rays
which travel in a straight line from the object to your eyes, When you
}ook in a mlrror at the image of an object, you appafently see the image
by the light rays which come from the image to your éyes. This is not
really the case because the image does not exist in real space. You
really see by the light rays going from the object to the mirror and

then being reflected back to your eyes as in Figure 1ll.

Exploratory Exercise

You are at the polnt marked A in the diagram below. You have
an empty pop bottle which you want to fi1l in the lake and pour over
your friend who is sleeping at the point marked B. Can you discover

at what point in the lake you should f£1ll your bottle so that the total
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Jistance from A to the lake to B is as shert as possible?

)
o 12
- f
' 7
< - s~ ,
N - _
e ~ !

s ,/1 C‘ ) -/__(‘,L / //

A //L.Pt\&h'/ ’/’///”
Let's try to analyze this problem. Is it obvious that the
distance ACl+ClB is shorter than the distance ACZ+CZB? Is it obvious

that neither Cl nor 02 is the best point?

Let's consider the image of B in the lake, thus getting the

following diagram: . EB
; /
L ;
~. )
.
[ \ \,
‘. ij‘

fgl
Draw the line AB' intersecting the edge of the lake in the point C.
What is the relation between the distance CB and the distance CB'?
Vhat is the relation between C,B and 022'3 Liow does the sum of the
distance AC2 and 02B compare to the sum of AC and CB'? Vhy? How

does the sum of AC and C3 compare to the sum AC, and CZB? Why?

2
Describe how to find the path going from A to the lake to B
which has the shotrest length, Give your reasons for the validity

of the description.

Exercise 1V

l. A Trench mathematician Pierre Fermat said, "Light travels along

the path that takes the shortest time." Assuiting that the speed of

light is cc stant, explain this statement by reference to Fig. 1ll.
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2. T the dlagram below, noustruct the pach of the light ray from tue
bulb at B to the mirror and then to the Obsexrver at 0, Show all

e O
construction lines.

/WQOK

O

3. In problem 2, prcve that the angle of incidence equ;ls the angle
of reflection. , \

4, 1In the exploratory exercise above, find the shortest path from
B to the lake to A, How does this shortest path compare with the

shortest path found in the exploratory exercise? ExLlain why this

should be so.

- 5, In the diagram below how could you find the shortest path that

starts at E, goes to the lipne a, then to thz line b, and ends at

the point F? Justify your answer,

\\
e

o 4

6. In the diagram below, hew could yoﬁ £ind the shortest path that

starts at G, goes to each side of the triangle once and only once,

and finishes at H?
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7. Y 1 are standing ncar two right—angled wirrers. How many Images

of the flower can ycu see in the mirrors? Draw the path of the light

ray for each image.

« Yo u

i

8. Do Problem 7 if the mirrors are 60° apart/, \

Y

r\bff . (’

Make a conjecture about the number of images if the mirrors were

¢5° apart, 30° apart.

Exercise V
1. Find all sets of two paints which are symmetrical with respect to
an axis. Find all sets »f 3 points, sets of 4 points, sets of 5 points
which are symmetrical with respect to an axis.
2. Suppose the set of three distinct points P, Q, and R is symmetric

with respect to an axis. Show that the trizngle vhose vertices are

P, Q, and R must be lsosceles (have two equal sides) with one vertex

on the axis. Suppose P 1s on the axis. How are the points Q and R

ralated to the line which bisects the angle of the triangle at P?

3. Suppose the points A, B, C, D {llustrated in the diagram are

svmmztric with respect to the line through AC, The figure ABCD is
A

called a kite. 5 O
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How does the length of AB compare with that of AD? Why? Low does

BC compare with CD? Why? What is the relation between the diagonals
AC and B0? ‘hy?

4, A kite is a four-sided, convex figure with two pairs of equal,

adjacent sides. Tius, if PQ=FS and GR=QS, then PQRS P
is a kite. Show that the line through PR is an axis
of symmetry for the kite. Show that the diagomnals of 8 >
the kite meet at right angles. Show that PR is the
perpendicular bisector of QS. Show that PR bisects t&e
R

angles at P and R.
5. Suppose the points A, B, C, D illustrated in the Fiagram are

symmetric with respect to the axis.

A V)

-y

p

7l
S
<

Which two sides of the fizure ABCD are equal? Why? Which two

sides of the figdre ABCLU are parallel? Why? The figure ABCD is

called an isosceles trapezcld -~ isosceles because twoe sides are

equal, trapezoid because two sildes are Parallel.

Where is the midpoint of the side AD located? The midpoint of
the side BC? Where do the diagonals AC and 3D intersect? Why? If
the sides AB and DC are extended until they meet in a point F, what
can you say about the location of E? What cun you say about the
triangle EAD? The triangle EBC? Why? that can you say about the

line connecting the midpcints of sides AB and DC?
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A refleciion of a sphenc with respect to a greal circle is a

distancewprese:ving mapping of the sphere iuto itself which leaves the

points of the great circle fixad. We call this great circle the axis

of the reflection.

Exercise VI s

By a line on a sphere we ghall mean a great circle. The length of a

ine segment PG is the distance from P to G measured along the great
circle joining P‘and G.
1. Do Problems 3 and 4 in Exercise II if the diagram refers to points
on a sphere. .

2. Do Problem 5 ig Exercise II if the points mentioned are on a

phere, not on a plane.

- Y L4
L de et 8 e

3. Do Problems 6 and 7 in Exercise II if ali the points mentioned are

on a sphere and not on a plane,

-
PO Y

4., Tind all configurations of 3 points on a sphere which are symmetric
with respect to a line.

5. Find all configuratio-t of 4 points on a sphere which are symmetric

P with respect to a line. ‘ )

6. Refer to Problem 5 in Exercise V. Suppose the four points A, 3,

C, D are on a sphere and have a common axls of symmetry. Axe the lines

DAkt wen w2 ans

4D and BC parallel? Do there exist on the sphere parallel lines (lines,
{ ! that is, which do not meet no matter how far extended)? What is the

relationship between the lines AD and BC?




Two Perpendicular Axes o Sviactry

Exercise VI |

1. Suppose a kite ABCD has two perpendicular axes of symmetry. Show
that all sides of the kite must have equal length,
2. A four-sided figure with all sides of the same length is called a

rhombus. Show that a rhombus must have two perpendicular axes of

symmetry. Show that the diagonals of a rhombus are perpendicular to

each other. Show that the diagonals of a rhonbus bis%ct each other.

i

If AB and DC are opposite sides of a rhombus, draw the line connecting
the midpoints of AR and DC. Draw the line connecting the midpoints
of AD and BC. Show that these 1iﬁes intersect at thelintersection of
" the diaéonalso T

3. Suppose a four-sided figure has perpendicular diagonals. I; it
necessarily a rhombus or a kite? Suppose a four-sided figure has
diagonals that bisect each other. Is it necessarily a rhombus or a
kite? What must you know about the dlagonals of a four-sided figure
to be sure it is a kite, to be sure it is a rhombus?

4. Suppose an isosceles trapezoid ARCD has tvo perpendicular axes of
symmetry. Show that all angles of the figure must be right angles.
5. A four-sided figure with all angles ;ight angles is called a

rectangle. Show that a rectangle must have two perpendicular axes of

symmetry. Must the diagonals of a rectangle be perpendicular to each
other? Why? IMust the diagomals of a rectangle bisect the angles at

the vertices?

6. Given two straight lines a and b intersecting at a point C. Fhow

that this figure has two axes of symmetry. Show that the axes of symmetry
are perpendicular to each other. Show that these axes bisect the angles

tetwean the straight lines.




Central Symmet:-

Suppose lines a and b in Figure 12 are perpendicular. Consider
the image P' of a point P after successive reflections in lines a and b.
Does it make any difference if we reflect first in a and then in b, or

if we reflect first in b and then in a?

=)
P, .P

. G!_ 'f%«

. Figure 1737
¥ ' R '
Give reasons for your answer. We say that P' is the image of P under a

central symmetry with respect to the point 0, the intersection of lines

a and b. We also say that P' is obtained Ly reflecting the point P with

respect to the point O.

Exerclise VIII

1. How does the length O" above compare to the length OP'? Why?

2. In the following diagram suppose g is the axis of symmetry for the

lines k and m meeting at 0.

“\\\\\\\\\

///ﬁ

-
o= T 1
\--\\\\\“\ .

Show that k and m have another axig of symmetry going through 0. Show

that this axis is perpendicular to g.
3. In Fig. 12 show that a and b are axes of symmetry for the lines through

OP and through OPa. Show that P' is on the line through OP and that OP=0P’,
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4, Given a point P, construct the image of P in a point O. Given two
points A and B comstruct a center of syrmetry O for the two points.

5. Suppose a figure is symmetric with respect to a point O and with
respect to a line g passing through 0. Show that the figure must also be

symmetric with respect to a line h perpendicular to g at O.

6. What are all the points invariant with respect to a reflection in the
point 0? What are all lines invariant with respect to this reflection?
7. Find all configurations of 3 points ﬁhich are symmetric with respect
to a point. Can a triangle have a center of symmetry? Why?

8., Suppose the points A, B, C, D in the following diagram have the

o\

point 0 as the center of symmetry: A
®

'0
'C
What is the image of A in 0? Vhat is the image of D in 0? How does the

|
<t
) !
.
K .
)
i

length AD compare with BC? How does the length AB compare with CD? Draw
?Q a line through O perpendicular to the segment AD. What is the angle

between this line and the line segment BC? What is the relation

?i ‘between the line through AD and the line through BC? What is the
relation between the line through A3 and the line through CD?

9. 1In fhe diagram below lines g and h have a conmon perpendicular k
cutting g and h in A and B, respectively.

| A

) 9

- 3 h
|

| %

Suppose t is a line through the midpoiat 0 of the segment AB. Show

that 0 is a ceunter of symmetry for the figure. (Hiant. You may want to



draw the line m through O perpendicular to AB). What can you say about

the re.ation between the angles oK and & ?

10. Given two lines on a plane, how many common perpendiculars may they

have? Given two lines on a sphere, how many perpendiculars may they have?

Parallel Lines and Tarallelograms

-

Two lines in the plane are said to be parallel if they never meet.

We shall use instead the following definition: Two lines ave parallel
if they have a common perpendicular. In the ﬁlane it\followsthat through
every point in the plane there is a line perpendicular to both lines.

A four-sided figure whose cpposite sides are parallel is called

a paraJLlelograme ‘

Exercise IX

1. Suppose g and h are parallel lines cut by gtline t in the points ¢ and D.

2
O

Show that this figure is symmetric with respect to the midpoint M of
the segment CD, (Hint, See Problem 9 in Exercise VIII).

2. The line t in the diagram for Problem 1 is called a transversal for the

parallel lines and the angles cA and @3 are called alternate interiocr angles.

Show that X = & .

3. Suppose ABCD is a parallelogram and suppose O is the midpoint of the

diagonal AC. /’ /
A D e
/ /
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Is AC transversal for the lines e and £? Then C is a

_ for lines e and £. Is AC a transversal for the lines g and h?

Then O is a of

e

for the lianes __ and

Yhat is the image of A in 0?7 What is the iwmapge of B in 0? VWhy?

“to OD? Why?

Vhere do the diagonals AC and BD intersect? Why? How does 0L compare

F1i1l1l in the blanks to make true statements.

The intersection of the

is a !

parallelogram,

4. Show that the diagonals of a parallelogram bisect each other,

8

that opposite sides of a parallelogram are equal, |

5. Show that a four-sided figure which has a center of symmetry must be

a parallelogram.

6. Show that if AD=BC and AD is parallel to BC then ABCD is a

parallelogram. (Hint. Let O be the midpoint of AC; show that O is a

center of symmetry.)

7. Show that if AD=BC ad AB=DC, then A3CD is a parallelogram.

i
(Hint. Same as in Problea 6).

8. 1In the diagram below, ABCD is a parallelogram and 0 is the

intersection of the diagnnals.

Show that PQ=RS.

of\symmetry for a




Sunmary

If Q is the image of P under successive reflections in two
perpendicular axes intersecting in O, then Q and P are symmetric with

"respect to the center of symmetry O. We say that 0 is the image of P

with respect to the point O.
A central symmetry is a distance-preserving mapping of the plane
into itself which leaves invariant every line through the center.
I£f P and Q ?re symmetric with respect to the point 0, then O
3 on the line through P and Q and 0P=0Q.
The image of a line g, not going through 0, with respect to O,
“ 1s a line h parallel to g and the distance from O to g is equal to the
distance from O to h.
The intersection of the diagonals of a parallelogram is a center
of symmetry.for the parallelogram.
If a figure has a ceater of symmetry and an axis of symmetry

passing through this center, then the line perpendicular to the original

axis at the center of symmetry is also an. axis of symmetry.
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Exercise X

- h

L 1. Suppose g, h, and j avre parallel lines and h is half way between

g and j (see diagram).

C .

How are g and j related to B? Why? FHow does AB compare to AC? Why?

2. In triangle ABC below, AD=DB and DE 1s parallel to BC,

| B
Show that AE=EC. (Hint. Draw at A a parallel to BC and use Problem 1).

3. Suppose P is reflected through the point U into the point P' and

then through V as center into the point Q (see diagram).
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3. (cont.) What is the relation'ﬁetween PU and P'U, between P'V and VQ?
Why? What is the image of the line through PP' in the center U? Show

that the image of this image is the line through Q parallel to PP', Suppose
the line througﬁ UV intersects this parallel in R. UWhy does the image

of U in V have to be on QR? Why does the image of U in V have to be on

the line through UV? Why is R the image of U in V2 Why is UV=VR?

What is the image of U in U as center and then in V as center? Why is
PU=QR? Show that PURQ i3 a parallelogram. (Hint. Exercise IX, Problem 6).
Show that UV=XPa,

4. 1In triangle ABC suppose D is the midpoint of side AB and E is the

midpoint of AC. FR

& _

Show that DE is parallellto BC and that DE=%:uC. (dint. Use Problem 3).
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Two Parallel Axes of Symmotry

Exercise X1

?i . ....&. Suppose lines g and h are parallel. Suppose O is the image of P

after successive reflection in lines g and h.

/ A it?

P S Ty

. < -

: e P! | @

>, \y
How is the line PQ related to the lines g and h? Why? Suppose AB is the

length of the common perpendicular to ¢ and h. How is PQ related to AB?
]

Why? Draw a diagram to illustrate the case when P is between the lines

g and h., Are your answers to the preceding questions still correct?

Suppose P is very far to the right of Q. Would your answers still be

correct?

ISP ¢ V.3 VI S Y SRSV YRSV VRSSL NS Sl S

2. Which points P are invariant under the mappings described in Problem 1?
Which lines are invariant”

3. Suppose P is reflected first in g and then in h, giving an image Q.
X Would you get the same image if you reflected P first in h and then in g?
Is there any point P for which the two images are the same? How are
these two images related to the original F?

4. Suppose you replace the lines g and h by two other parallel lines

g' and h' which have the same common perpendicular as g and h and which
are the same distance apart as g and h are. Compare the image of P in

g and h with the image of P in g' and h', Does the mapping depend on
the distance between the parallel lines? Does the mapping depend on the

common perpendicular of the two lines? Does the mapping depend on the

exact location of the two lines?




WA e e

o mcaes el el e oM hdm La

24.

5. Fil1 in the blanks to make a true statement.

Vhen a point is successiveiy reflected in two lines
g and h, the image Q is a foint such that the through F and 0
is to and . The lennth is __
the distance hetween o and __ .

6. In the diagram for Problem 1, suppose C is the image of A by
successive reflecticns in g and h, Show that ACQP is a parallelogram.
/

Would this statement be correct if you started with P to the right of C?




.Summary

Suppose a plane is mapped into itself by successive reflections
in two parallel axes which are a distance d apart. If P goes into Q

under this mapping, the length PQ=2d and the line PQ is a common

perpendicular to the two axes. We call such a mapping a translation

of the plane.

If P maps into Q and R into S under a trenslation, then PQ=RS

and the line through PQ is parallel to the line through RS. Since the
r,
iy

%

]

i

12

{ <
«

/\\’_)
R
translation is completely specified as soon as the image of one point

1is known, we may represent the tramnslation by the vector PQ. Note that

PQ=RS because each represents the same translation.

g
D
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Two Intersectinz Axes of Symmetry

- wsvar

Exercise NI

]

1. Suppose lines g and h intersect in a point 0. Surpose Q is the

and h.

a. What is the image of 0 after successive reflections in g and h? Why?
b. What is the image of the line OP after successive reflections in g

and h? Why?

c. Suppose F is the intersection of PP' with g and G is the intersection
t
of P'Q witg h. How doec the angle PCF compare with the angle FOP'? Why?
Ie
How does the angle P'0Q compare with the angle G0Q? Why? How does the

angle POQ compare with the angle TOG=angle between g and h? Vhy?

2, Suppose that P in the above diagram 1s located in the reglon where

P' is marked.
a. Can the argument of Problem 1 still be carried out?

b. Is the result that P is rotated through an angle twice the angle of

FOG still correct?
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3. Fill in the blanks to make the following a true statement:

The image of a after two successive in axes

intersecting at O is obtained by

-

as center through an angle which i3 the angle between the .

the point around

o

&=

4, Suppose that P is first reflected in h and then in g. What rotation
is that equal to?

b

Suppose h and g are perpendicular. What is the rotation obtained
by first reflecting in g and then in h?

!
c. A central symmetry can be obtained by a rotation through what angle?

5.a. What points are fixed under a rvotation? What lines are fixed under
a rotation?
b. What is the image of a line through 0 under rotation around 0? What

is the image of a line not through 07

. 6. Suppose a fiéure is invarlant under rotation about O through 120°.

Prove that it must be invariant under rotation through 240°, (Hint.
Suppcse the image of P under the 120° rotation is Q and suppose the image

of Q under that rotation is R. What is the mapping that will map P

into R?)
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Sunmary

Successive reflections in two axes intersecting at O produces

a rotation around O through an angle equal to twice the angle between

the axes.
The following are distance-preserving mappings of the plane into

1) reflections about a line, 2) reflections through a point,

itself:
3) tramslations, and 4) rotatioms.

Notation

-yt

To collect and organize our results, it is useful to have a
Let us use capital letters such as A, B, P, etc,

systematic notation.
for points and lower case letters such as g, h, k, etc. for lines.

We shall use PP (read '"P to the g") for the image of P reflected in g.

\‘(\

K
F‘.-1 / 3 .

5 [ A
Thus in Figure 13 p8=pr, Similarly, Qh=3. e shall use P for the
Thus in Figure 13,

()*=q.

image of P reflected in the point A.
PA=R, QA=P', (P')k=Rs




We may indicate successive reflectioas as follows:

@8-ty ker

We shall also use the following notation:

PasPlts R

Read "P is mapped by g into P'; P'is mapped by k into R."
; .

|

‘Exercise XIII

l.a. Does (Pg)k= (Pk)g for every point?

b. Does (Pg)h = (Ph)g for every point?

c. Does (P®)8 = P for every point?

Whenever your answer is mo, give an example. Whenever your answer is

ves, give a proof.

2. If an and b a%e any two lines, let us write (Pa)b = Pab.

a. What does Paaequal?

ab= Pba

b. Does P for every pair of lines a and b? Why?

c. Suppose P3¢ = P for every point P, What can you say about line a and

line ¢? Why? Does (Pab)c =(Pa)bc for every point P? Why?
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3. Suppose Pab = Pba for every point P, What can you say about the lines
AA AR . '

a and b? What does P° equal? Suppose P"" = P for every point P, What

can you say about A and B? Suppose Pab x PA for every point P. What can

you say about lines a and b? Fill in the blanks to make a correct

statement:

ah_ Ab_

]
T

4. Suppose e and f are perpendicular lines intersecting in D. For

¥

each of the following, state whether it holds for every point P in a

.plane and give a veason for your answer:

a. pi-pfe b. pefpf ID_pe
d. D) =p° e. (@%f)epf £, P%C=p

g ((Pef)e)f=P




Lappines

If we apply a distance-preserving mapping of the plane into
itself and then apply another distance-preserving mapping, we end up
with a distance-preserving mapping from the original state to the final

state. We call this successive application of mappings a composition

(Latin for "putiing together") of mappings. For example, the composition
of reflections about perpendicular axes is a reflection through the

origin; the composition of two rotations about the same point is also a

rotation about tﬁat point,

Exercise X1V
Fill in the blanks to make correct statements.

1, The composition of two reflections about parallel axes is a

whose magnitude is the distance the and

whose direction is the (irection of the of the axes.

2., The composition of two reflections about perpendicular axes is a

symmetry about the point of of the .

3. The composition of two reflections about intersecting axes is a

about the of of the through an

angle which is the angle the axes,
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4. A symmetry is a through an aungle of degrees.

~ 5. The composition of central symmetries about two distinct points is a

whose magnitude is the distance the
and whose direction is the divection of the joining
the . (Hint. Replace each central Symmetry\by the composition

of reflections through perpendicular axes. Use the line joining the

points as an axis.)

Instead of studying the image of a point under a mapping, we want
to study the mapping as an entity by itself and alsc we want to study
the composition of mappings. Before doing so, we introduce some
simplifications in our notation. We have found that, if a and b are
perpendicular lines,

‘ Pab:Pba “
for every point P in the plane. We shall write this as follows:
ab=ba
but the meaning is still that

Pab'__Pba

Similarly, we found that
Pababe
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For every point P in the plane, we'may write this as

aba=b.
Ve shall call this the mapping notation and the original notation we
shall call the point notation, Similarly,.if a and b are perpendicular
lines intersecting in a point C, then we know that

PaanC

for all points P. In the mapping notation we write this as

R

ab=C,

N VPR

We need one further notation. We know that
} p3%_p
for every point P in the plane. How can we write this in the mapping

notation? We would like to write aa=something, but what is "something'?

The "something" is a mapping which maps P onto P for every point P of the

- . i A;A‘-_.. T B s e i By SR s n s B

.plane. Since this mapping leaves every point P in the identical position
it was originally, we call this mapping the identity mapping and we
symbolize it be the letter i. Thus,

Pi=P

for all points P and we then have .

aa=1,

S A PV
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Exercise XV

l. Write the following relations in point notation:

a. bab=b b. bA=a c. ab=A d. ab=ba

2, Write each of the relations stated in Exercise XIII, Problem 4

in the mapping notation.
3. In the following diagram, triangle ABC is isosceles with AC=BC

and D the midpoint of AB.

C

8%

" h

. For each of the followins relations involving mappings, state whether it
is correct or incorrect and give reasons for your answers:
a. hh={ b. BB=i ¢. ch=D d. be=A e. ab=ba
f. ch=hc g, &h=ha  h. ahbh=i 1. cb=ac  j. ADBD=i

5. Prove that the composition of a and b is commutative, that is,

ab=ba if, and only if, a and b are reflections in perpendicular axes.
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Groups

Explorafory Exercise

Suppose a figure is symmetric with respect to line a and with
respect to another line b. Let us find out whether the figure must
have other symmetries. If Z 1s a point of the figure, then why are

b points of the figure? Why are (Za)a and (Za)b points of the

z? and 2
figure? What is (Za)a equal to, for all points Z? For which points 2

does Zab=Z? For which points Z does Zab=za, does Zab=zb? We see that

1f Z is not on the line a and not on the line b, then the points Z,

Za, Zb, and Zab ate all different. Do you now know another symmetry of

the figure?

We have reached the following conclusion:

If a ftéure ls symmetric under the mapping a and symmetric under
the mapping b, then it is alsc symmetric urder the mappings ab and ba.

.Write a similar conclusion if a figure is invariant under a
mapping A and a mapping c.

Let us continue investigating the set of symmetries of a figure,
Suppose a figure is invariant under a rotation of 90° around a point.
Must it be iuvariant under a rotation of i20°, 135°, 180°? What other
symmetrles must it have?

Suppose a figure is invariant under a translation of 2 units
upward? Must it be invariant under a translation 3, 4, 5, 6 units

upward? Must it be invariant under any dovnward translations? What are

all symmetries of this figure?




From this exercise we draw the following conclusions:
l. If a figure is invariant uander two mappings, it 1s also invariant
under the composition of tﬁe mappings.
2. If a figure is invariant under any mapping, it is also iuvariant
under any repeéted composition of the mapping with.itself.
3. If a figure is invariant under any mapping, it is also invariant

under the inverse mapping, that is, the mapping which interchanges the

original and the image point, For example, the inverse mapping to a

rotation of 30° in the clockwise direction is a rotation of 30° in the

counter~clockwise direction. The inverse mapping to a translation of

5 units in & certain direction is a translation of 5 units in the
opposite direction.
What ig the inverse mapping to a reflection; tc a central symmetry?
The set of all symmetries of a given figure 13 called the symmetry
group of that figure. Note the ldentity mapping belongs to every

symmetry group.

Exerclise XVI

1. Give reasons why each of the following sets 1s or is not a symmetry
group:

a. 1

b. 1, a, b, C, where a and b are perpendicular lines intersecting in C
c. 1, a, b, ab, ba, where a and b are parallel lines

cont.. next page




NP W) A

© % gy . o, e, A b+ vt e 7. B e e AN e e W T

37.

i, a

a, b, C, where a and b are perpendicular lines intersecting in C

f. 1, a, b, ab, if a and b are perpendicular lines

g. 1, a, b, ab, aba, abab, if a and b are lines intersecting at sixty degrees.
2. What is the symmetry group of an equilateral triangle?

3. VWhat is the symmetry group of a rectangle, of a square?

4. What is the symmetry group of a regular hexzagon, a regular octagon?

5. Do the set of reflections about any line in the plane form a syametry
group?

6. Do the set of all possible rotations around a fixed point form a

symmetry group?

7.

1.
2,
3.

Do the set of all translations in the plane form a symretry group?

A symmetry group is a set of mappings which
cor. alns the identity mapping
contains the composition of any two méppings of the set
contains all compositions of a2 mapping of the set with itself.

Notice that the composition of mappings is always associlative,

that is, if a, b, and ¢ are three mappings, then

(ab)c=a(be),

3646-66
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Geometry through Sywmetry for Liberél Arts students at Berkeley

The following notes were writtern in an attewpt to provide 2
rigorous foundation for the material presented to the eighth grade students
at Stanford. The material was tried out in a class at the University of
California at Berkeley. The class consisted of Liberal Arts students vho
had a minimum of mathematical preparation and were not planning to continue

their study of mathematics.

o wsa — v s coman e o Qs aina @t . - .

The concept "point".is undefined.

Def. A space is a collection of points.

Axiom 1., To}every pair of points in the space is assigned a
positive number which has the properties a), b), and ¢) specified below.
‘ The number assigned to the pair of points A and B 1is called the
distance from A to B and is denoted by d(A,B).

Properties of distance:

a) d(A,B) = d(B,A)

b) If A and B are distinct points, then d(A,B) is greater
then ( >> ) zero. The number d{4,B) = 0 if, and only if, A 1s identicel
with B .

c¢) TFor eny points A, B, and C the triangle inequality

a(a,c) + a(c,B) £ da(r,B)
holds.

Def. For any given points A and B the set of points X such

Fr

that (
a(A,x) + d(X,B) = a(A,B)

is called the line segment joining A and B . This line segment is

denoted by AB.

........
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Problems

1. If A is the same as B, vwhat is AB ?

A space has three distinct points ilabelled X, Y, end Z. If

d(X,Y) =2 and d(%X,%2) =L, how small and how large can

a(Y,z) be?

3. A space has four distinct points labelled E, F, G, and H.

Suppose thet d(E,H) = 1, d(F,H) = 3;'andjd(G,H) =6,
Find the largest and smallest possible values for'each of the
distances 4(E,F), d(F,G), and d(G,E). Show that if these last

three distances have each their smallest possible values, then

|

F is on the segment joining E and G . Try othar values for the

t

first three distances, but always keeping them in the same rels-

tive magnitude, and see if F must be on EG.

L. A space has four points labelled J, K, L, and M. Let us write

JKL to mean that K is on dJL.
Consider the following statements:
&) If UKL and JKM, then JIM.
b) If JKL and JIM, then JKM,
c) If JKM and JIM, then either JKI. or JIK.

Test each statement for its truth or ialsity by picking values for

the distances between the points in the spece. Make a conjecture e&s to the

truth or falsity of each statement.
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To be sure that a line segmeﬁt haz ¢nough points, we use the
following:
Axiom 2. Given any real number k between rero and one inclusive, and
given points A end B, there exists a single point C
in EBE such that d{A,C) - X% a(a,B).
To be sure that every line seguent caﬁ.be extended into a larger
segment, we use the following:

xiom 3. For any points A and B, there exists a point C such

that B is in AC and a point D such that A ‘is in DB.

Def. The segment AB is contained in the segment XY, or, the
segment XY conteins the segment AB if every point in
AB is also a point in XY.
Lemma 1. If C and D are the points mentioned in Axiom 3,
then AB is contained in AC and alsc in '-]5‘5.
Problems
5. Prove Lemma 1. |
6. Suppose the space is the set of points on the surface of a sphere.

Are the axioms satisfied by this space? What is a line segment in

this case?
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From Axiom 1 we can pruve

- - - -

Lenma 2. If X is in BB, taen 2 is contained in A3,

Lemma 3. If X is in AB and X Zs in AL, ther X is contained in AB.
From Axiom 2 we can prove
Lemma 4. If X and ¥ are in A3, then either X is in AY or ¥ is in KE,

Theorem 1. If X and Y are in AB, then XY is in AR,

Def, Two line segments intersect or cut in a point P if P is in

- both line segments.

Def. The intersection of two line segments is the set of all points

in which‘the segments intersect.

The intersection of two line segments may be empty, that is, there
is no point in which the segments intersect, or the intersection may be
one point, or the intersection may contain an infinite number of points.

Def. The union of two segments is the set of points which are either
in one segment or the other, or in both segments. |

Problems

7. Draw lllustrations on the plane of two segments which intersect in
no point, in oné point, in an infinite number of points. Can there exist on
the plane two segments which intersect in exactly two points? Answer the same
question for the surface of a sphere.
8. Draw illustrations on the plane of two> segments whose union is not a
segment and of two segments whose union is a segment. What is the inter-
section of these two segments in each case? Make a conjecture about how the

intersection of two segments relate +to the question of whether the union

of two segments is a segment.
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9. On the surface of the sphere dq&e there exist two segments whose inter-
cection has an infinite mumber of points and yet the vnien of these segments
is not a segment? Before giving your ansver, consider, on the surface of
the earth, the segment connecting the South Pole with Seattle which is

located at 53O N and 122° W, and consider the segment connecting San

Francisco located at 37°N, 122°% with Megnitogorsk lozated at 53°N, 58°E.

Def., The line through the points A and 'B is ﬁhe union of all line

segmentsg. that contain the segment AB.
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Axiom 4. Two distinct lines intersect in at most one point.

Theorem 2. Through two distinct points there exists one and only one line.

U PTE I WU Y R

Problems

10. Is the equator a line according to the above definition? If yes, give

LYTRRNE L FPUY. STy

two points which determine the line.
11. Describe the line through Seattle and San Francisco on the earth's surface.
Does this line contain the entire 122°W meridian and the entire SBOE meridian?

tq . 12. Consider a cylinder with iis axis vertical. Describe the line on the

}

cylinder through tﬁo points on the cylinder which are located on the same

{5 vertical generator. What is the line through two points which are on the

| same horizontel plane? Pick two points at rendom on the cylinder and describe
the line through them.

. 13. Is a great circle on a sphere always a line through any two of its

points? Is Axiom 4 satisfied by the lines on the surface of a sphere?
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Def., If the three points A, B,,and‘C axe not ell on one line,'the
union of the segments AB, BC, and AC is called the triangle ABC.
Def. The points A, B, and C are called the vertices of triangle ABC

and the segments AB, BC, and AC are called the sides of the triangle.

Axiom 5. If a line cuts one side of a trianglé, then it cuts one and
only one other side of the triangle unless it goes through a vertex. (Paséh's'
axiom. ) |

Def. A set of points is calledlgggzgg if the set contains the'liﬁe

segment joining any two points of the set.

Theorem 3. For any line k, there exists two convex sets Ez.l'and 55.2
such that the whole space is the union of k, zfl, and 5 o. Also no two of the

sets k, > 7 and = , have a point in common.

Suppose that n is a line and that A and B are points not in n.

Def. A and B are said to be on opposite sides of h if the line segment

AB intersects n.

Def. A and B are said to be on the same side of n if AB does not inter-

sect n.
Problems .

14. Suppose that A,B,C are three points not in the line n. Prove‘each of the

following statements by using the axioms (in particular, axiom 5):
a) If A and B are on the same side of n and if B and C are also on the same
side of n, then A and C are on the same side of n,
b) If A and B are on the same side of n and if B and C are on oppbsitb sides
of n, then A and C are on opposite sides of n. |

c) If A and B are on opposite sides of n and if B and C are on opposite sides

of n, then A and C are on the sam~ side of n.
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15, Prove that if A and B are on opposite sides of n, then any polnt C not
on n is either on the same side of n as the point A or as the point B,

16. Let A be a given point not in n, We call all points on the same side
of n as the point A 'even' points and assign to each such point the number
zero, We call pgints on the opposite side to the point A 'odd' points and

assign to each such point the number one. a) Does it make sense to say that

two points E and F are on the same side of n ifj and onﬁy if, the sum of the

\

numbers assigned to them is even? Explain. b) Write eéch of the statements
14 a), b), c) as a statement about even and odd numbers. c) Could you have
used the known facts about even and odd numbers to prové the statements in
Tooblem 14 without using Axiom 5? Explain carefully. kHint‘ The answer is
'no'.)

17. Prove Theoren 3.

Def. A map M of a point set $° into a point set T ' is a correspon-
dence or rule which assigns to each point P in Z exactly one point P' in E_°,
The point P' is called the image of P under the map and we write P' = n(P).

Def. A mep from 5 +to A is said to be distance-preserving if the

distance between any two points in 7~ equals the distance between their images
in S t.
Def., The set of points which are on the same side of a line n is called

a half-space associated with n.

Lerma 4. Every line n has exactly two half spaces Z 1 and Z_ o

associated with it. The half-spaces ZTl. and 7. » have no point in ccmmon.
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Def. A folding Hﬂ about the line n is a disbance-preserving map of the
union of n with one half-space i;n"oo the union of n with the other half-space
such that
a) every point iI';. the second half-space is the image of some point in the

first half-space
b) sﬂ(P) = P for every point P in n.

Lemma 5. Suppose M is in Zl and M! .is the image of M under a folding
about n.

a) If P is a point in n, then d(M,P) = 4(M',P).
b) If Pis in); , then d(M',P) > a(M,B).
¢) If Pisinyp , then 4(M,P) 7 d(M',P).

Lemma 6. Suppose that M and M' are the same points as in Lemma 5 and
suppose that M{' intersects n in the point P. Then d(M,Q) > a(i1,P) if
Q is a point in n different from P and da(M,P) = 24(M,M').

Def. The point P in n which is nearest to a point M not in n is called

the orthogonal projection of M onto n.

Axiom 6, For every line n there is al least one folding about n.
Problems
18. Prove Lemma U,
19. Prove Lemma 5.
20. Suppose that M' is the image of M under a folding about n. Prove each of
the following statements:
a) If P is a point such that d(P,M) = d(P,M{') then P is in n.
b) If a(P,M) > da(p,M') |, then P is on the same side of n as the point M!.

c) If4(p,M') > da(P,M) , then P is on the same side of n as M.
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2l. Use Axiom 6 to prove thet, for a point i1 not in n, the orthogonal
projection of M onto n erxists and is unique.

22. Suppose that ﬁf 1 and gf’z are foldings about n which map M into M' and

M'', respectively. Show that M' =M''. (Hint. If P is the orthogonal pro-

Jection of M onto n, use the line through M and P, Lemma 52) and Axiom 2.)
23. Suppose that (.f is a folding about n vhich maps any point P in 7.—'1
into its image P' = (/(P) in 7 ,. Consider tHe map '\é["/ from 71 UZ_.J_
into 7 UZ , defined as follows: o

i) If Q is in n, then L/’-I(g-‘) = 6;)

ii) If @isin Z_. ,, then Q is the image of a boint R in 2 1 and
se put Lp ° ’( Q‘) =R |
) Prove that (f“’ [G(F)] =7 tor any point Pin mL Z,, end that

(/‘[' 9”(69)] = q for any point @ in m U :‘;\ . b) Prove that Zf" 4

is a distance-preserving map. c¢) Prove that (17"/ is a folding about n.

Lemma. 7. If % 4 and 5 5 are the half-spaces associated with n, there
is exactly one fol?ding about n which maps Z' 1 into 7:2 and exactly one
folding which maps 7 , intoS 5.

Let t;ﬂ be the unique folding about n which maps Zq into 5 .

Def, A reflection about the line n is the mapping l,L/ of the whole

space into itself which is defined as follows:
1) Y (M) = [0 (M) ir M is in 24,
i) W o) =4/ M) it Mis in T L.

Theorem %, A reflection about n is a distance-preserving map of the vhole

space into itself which leaves the points of n fixed. e
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Problems

2k, Prove that a reflection maps the line containing the points P and q into
a line containing the image points P' and Q'.

25. Suppose that M' and O' are the images of M and Q, respectively, under re-~
flection in n and suppose that the line through M and Q intersects n only in
the point P. Prove that the line through M' amd Q' also intersects n in the
point P.

26. If M' is the image of M under reflection about n and you know d(M,Q) and
d(M",Q) how can you decide whether M and Q are on the same or opposite sides
of n, or whether}Q is on n?

Defs, Two points A and B are gymmetrical with respect to a line n if B is %he

image of A under reflection in n.

Def. A point set Z is invariant under reflection about a line n if J is

identical with its image under reflection about n.
Def. The line n is an axis of symmetry for the point set § if Zis invariant
under reflection about r.

Problems

27. What kind of triangles have axes of symmetry? What kind of quadrilaterals?

What are the axes of symmetry of a circle, of an ellipse, of a plane section of a

football through its longest axis?
28. Given a line n. Which configuration of 2 points have n as an axis of

symmetry? Which configuration of 3 points, of 4 points, of 5 points?
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29. Suppose that the point set = is invariant under reflection about n, If
Ezjcontains the points A and B and the line segment CL, what else must it con-

tain? Will you change your answer if you are told that C and D are on oppecsite

sides of n?

Def, The line n' is perpendicular to n (we write n'ln) ifrf%:n and if n' is
invariant under reflection about n.
Lemma, 8, If F is not in the line n and if P! is the image of P under reflection
about n, then PP' is perpendicular to n,
Lemma 9, If P is not in the line n, there exists ome and only one line which
contains P and which is [ n.
Lerma 10, If the line n' is perpendiculaer tc the line n, then the lines inter-
seét.
Lewma 1l. If n' is perpendicular to n, then n is perpendicular to n',

Problems
30, Prove Lemma 8,
3L. Prove Lemma 9,

32, Prove Lemms 10,

Def. A line perpendicular to a segment at: the midpoint of the segment is called

the perpendicular bisector of the segment.

Lemma 12. If n is the perpendicular bisector of the segment AB, then A and B
are symmetrical with respect to n.

Lemma 13. If d(A,B) =d (A,C) in triangle ABC, then the line throughja\perpen-
dicular to BC is an axis of symmetry for the triangle.

Lemma 14. If each of the points P and Q is equidistant frem the points A and B,

v @

then A and B are symmetrical with respect to the line through P and @
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i Froblems
; 33. TIrove Lemma 11,
34, Prove Lemma 12,
% 35. Prove Lemmz 13,
{‘; 36. If d(A,B) = d(A,C) in triangle ABC, prove that the line from A to %he

; midpoint of the segment BC is perpendicular to the segment BC.
37. Suppose that the lines n; and n, are perpendicular to each other. Suppose
that A is a point not in either line. TIet A, be the image of A under reflection
! in n; and let Ao and Ay, be the image of the points A and Ay , respectively,

under reflection in no. Prave thab Ap and Ay, are symmetrical with respect to

-a L sae
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Def'. A reflection in a point 0 is a map?f of the whole space onto itself such

ki
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that % (D) = 0 and if Pfo, §(P) is a point P' on the line through O and P with
2 d(o, P) = d(o, P').

Lemma 15. If the map is repeated twice, each point is mapped onto itself,

Lemma 16, Every line through O is invariant under reflection in O.

e P Mo ICMIE (o e s =

Theorem 5. A reflection in a point O is identical %o a composition of reflec-

o

tions in each of two arbitrary perpendicular lines intersecting in 0.
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Notes

1. The image of a point P under reflection in a line n is the point P!

vhich is on a line through P perpendicular to n and which is the same distance
from n as the point P is. In other vords, the line n is the perpendicular
bisector of the line segment PP'. The line n is called the axis of reflection.

1', The image of a point P under reflection in a point C is the point P!

vhich is on the line through P and C and whlch is the same distance from C that
Pis. In other words, C is the midpoint of the line segment PP'. The point C
is called the center of reflection,

2. Reflection preserves distance and angle.

3. The image Pf the image of a point is the original point.

L, A line and its image with respect to an axis are either parallel to the
axis or they meet on the axis.

L', A line and its image with respect to a center are either parallel and
the center is halfway between the lines or the lines are identical and they pass
through the center.

5. A line (point) is an axis (center) of symietry for a figure if the

figure contains the image of each of its points under reflection in the axis
(center).

6. If points A and B are each equidistant from the points P and P', then
the line AB is an axis of symmetry for the line segment PP'.

The set of transformations which preserve a given property form a group.

The Fuclidean group is the group of all distance preserving transformations.
It contains reflections, rotations, translations, and glide reflections. The

proper Buclidean group is the subgroup of the Euclidean group vhich preserves

the orientation of figures.
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Euc .dean geometry is the .study of those préperties of figures which are
invariant under the transformations of the Fuclidean group.

Similarity transformetions are those transformstions which keep one point
fixed and stretch all distances from that point in a fixed ratio. The similarity
group is the group generated by similarity transformations and distance pre-
serving transformations.

Affine transformations are transformations which keep two intersecting
lines fixed and which stretch lengths parallel to one of the fixed lines by a
constant ratio. The affine group is the group generated by the affine trans-
formations and the distance preserving transformations.

A perspective transformation of a plane is obtained by projecting the image
of this plane from a given point light source on another plane. The projective
group is the group generated by perspective transformations and distance
preserving transformations. Projective geometry is the study of those properties

of figures which are invariant under the transformations of the projective group.
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